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Abstract
If N is a normal p-subgroup of a finite group G and θ ∈ Irr(N) is a G-invariant irreducible character
of N , then the number |Irr(G|θ)| of irreducible characters of G over θ is always greater than or equal to
the number kp′(G/N) of conjugacy classes of G/N consisting of p′-elements. In this paper, we investigate
when there is equality.
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1. Introduction
Many interesting problems in character theory deal with counting certain types of irreducible
characters of a finite group G. For example, if N G and θ ∈ Irr(N) is a G-invariant irreducible
character, we might wish to count the irreducible characters of G that lie over θ . This set of
characters, denoted Irr(G|θ), was shown by P.X. Gallagher in [1] to have cardinality equal to
the number of conjugacy classes of G/N that are “good” for θ . (We will review the definition
later, but for now we recall that a class of G/N consisting of elements of order coprime to |N | is
automatically good for every choice of θ . In particular, the trivial class of G/N , containing the
identity element, is always good.)
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respect to G if |Irr(G|θ)| = 1, or equivalently, if the trivial class of G/N is the unique θ -good
class.
Now fix a prime p, and assume that N is a normal p-subgroup of G. Since the p′-classes
of G/N (the classes consisting of p′-elements) are automatically θ -good, it follows that the set
Irr(G|θ) contains at least as many characters as there are p′-classes of G/N . Our main interest in
this paper is to characterize equality. We ask, in other words, when it is true that the only classes
of G/N that are θ -good are the p′-classes. Of course, if G is a p-group, this happens if and
only if the trivial class of G/N is the only good class, or equivalently, if and only if θ is fully
ramified in G. More generally, in the case where G has a normal Sylow p-subgroup, we have
the following.
Theorem A. Assume that G has a normal Sylow p-subgroup P for some prime p. Let N G be
a p-subgroup, and suppose that θ ∈ Irr(N) is G-invariant. Then every θ -good class of G/N is a
p′-class if and only if θ is fully ramified in P .
In fact, Theorem A is quite easy, and it holds more generally, since we can replace the prime
p by an arbitrary set π of primes.
The assumption that G has a normal Sylow p-subgroup is really unnecessarily strong for the
“only if” direction of Theorem A. If all θ -good classes of G/N are p′-classes, then in most
cases, we can conclude that G has a normal Sylow p-subgroup if are willing to assume that G is
p-solvable. The following theorem is the main result of this paper.
Theorem B. Assume that G is p-solvable for some prime p, and if p = 2, assume in addition
that |G| is not divisible by any Fermat or Mersenne prime. Let N  G be a p-subgroup, and
suppose that θ ∈ Irr(N) is G-invariant. If every θ -good class of G/N is a p′-class, then G has a
normal Sylow p-subgroup.
For an arbitrary finite group X and set π of primes, we write kπ (X) to denote the number of
π -classes of X. We can now restate Theorem B without reference to good classes.
Corollary C. Assume that G is p-solvable for some prime p, and if p = 2, assume in addition
that |G| is not divisible by any Fermat or Mersenne prime. Let N  G be a p-subgroup, and
suppose that θ ∈ Irr(N) is G-invariant. If |Irr(G|θ)| = kp′(G/N), then G has a normal Sylow
p-subgroup.
Of course, in the situation of Theorem B or Corollary C, it follows by Theorem A that θ must
be fully ramified in the normal Sylow p-subgroup of G.
It is not clear to what extent more general versions of Theorem B might be valid. We do not
know, for example, if the exclusion of Fermat and Mersenne primes is really essential, and we
do not know if some π -version might hold.
But we definitely cannot drop the assumption that G is p-solvable in Theorem B. To see this,
let G be the triple cover of A6, and let N = Z(G), so that |N | = 3. Let θ be one of the two
nonprincipal linear characters of N . Then Irr(G|θ) consists of five characters, with degrees 3, 3,
6, 9 and 15, and G/N ∼= A6 has exactly five 3′-classes, consisting of elements with orders 1, 2,
4, 5 and 5. Thus every θ -good class is a 3′-class, but of course, G does not have a normal Sylow
3-subgroup in this case, and so the conclusion of Theorem B fails.
If we allow p = 2, we know of one more example. Take G = SL(2,5) and N = Z(G), so
that |N | = 2. If θ is the nonprincipal linear character of N , then Irr(G|θ) contains exactly four
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orders 1, 3, 5 and 5. Counterexamples of this sort seem quite rare, however, and perhaps it might
be possible to classify them.
2. Good classes
Let θ ∈ Irr(N), where N  G and θ is G-invariant. Then an element x ∈ G is θ -good in G if
θ extends to N〈x, y〉 for every element y ∈ G such that [x, y] ∈ N . Equivalently, x is θ -good in
G if some (and hence every) extension of θ to N〈x〉 is y-invariant for all elements y ∈ G such
that [x, y] ∈ N . (If the meaning is clear from context, we will often suppress the phrase “in G”
and say simply that an element is “θ -good.”) It is easy to see that if x is θ -good, then so is every
G-conjugate of every element of the coset Nx, and thus we can speak unambiguously of θ -good
classes of G/N . As we mentioned in the introduction, Gallagher showed in [1] that |Irr(G|θ)| is
equal to the number of θ -good classes of G/N .
If θ ∈ Irr(N), we write o(θ) to denote the determinantal order of θ , which is the order of
det(θ) in group of linear characters of N . Note that o(θ) must divide |N |.
Lemma 2.1. Let N  G and x ∈ G. Suppose that θ ∈ Irr(N) is G-invariant, and write m =
θ(1)o(θ). Then x is θ -good if the element Nx of G/N has order coprime to m.
Proof. Let X = N〈x〉 and suppose that y ∈ G with [x, y] ∈ N . Then y normalizes X, and we
write Y = X〈y〉. Our goal is to show that θ extends to Y . For this purpose, it suffices to show
that for every prime p, there is a Sylow p-subgroup P/N of Y/N such that θ extends to P .
(See [3, Corollary 11.31].) Given p, choose a Sylow p-subgroup P/N of Y/N , and observe that
if p fails to divide m, then θ extends to P by [3, Corollary 6.28]. If p divides m, on the other
hand, then since the order of Nx in G/N is coprime to m, we see that p does not divide |X : N |.
Thus P ∩X = N , and P/N is isomorphic to a subgroup of the cyclic group Y/X. Since P/N is
cyclic, Corollary 11.22 of [3] guarantees that θ extends to P , and this completes the proof. 
In the situation of Lemma 2.1, every prime divisor of m divides |N |, and so by the lemma,
every class of G/N consisting of elements with order coprime to |N | is θ -good. (This establishes
our assertion in Section 1.)
Now let N ⊆ L ⊆ G, where N G, and as before, let θ ∈ Irr(N) be G-invariant. If x ∈ L and
x is θ -good in G, it is obvious from the definition that x is θ -good in L. Our next result is a
partial converse of this fact.
Lemma 2.2. Let N ⊆ LG, where N G, and let x ∈ L. Suppose that θ ∈ Irr(N) is G-invariant,
and write m = θ(1)o(θ). If |G : L| is coprime to m and x is θ -good in L, then x is θ -good in G.
Proof. As in the previous proof, write X = N〈x〉 and Y = X〈y〉, where y ∈ G and [x, y] ∈ N .
Also, write M = Y ∩L, and note that X ⊆ M . Now M/X is contained in the cyclic group Y/X,
and so M/X is cyclic, and we can write M = X〈m〉 for some element m ∈ M ⊆ L. Since Y/N
is abelian, it follows that M/N is abelian, and thus [x,m] ∈ N . By hypothesis, x is θ -good in L,
and since m ∈ L, it follows by definition that θ extends to M .
As before, our goal is to show that θ extends to Y , and for this purpose, it suffices to show for
every prime p that θ extends to P , where P/N is a Sylow p-subgroup of Y/N . If p does not
divide |G : L|, then P ⊆ M , and since we know that θ extends to M , it certainly extends to P .
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P by [3, Corollary 6.28]. 
Of course, it suffices in Lemma 2.2 to check that |G : L| is coprime to |N | in order to establish
that it is coprime to m. The following is routine.
Lemma 2.3. Let N  G, where N is a π -group for some set π of primes. Then kπ ′(G) =
kπ ′(G/N).
Proof. It is well known that the canonical homomorphism G → G/N maps the π ′-elements of
G onto the π ′-elements of G/N , and it is clear that the image of a conjugacy class of G is a
class of G/N . Our homomorphism, therefore, defines a map from the set of π ′-classes of G onto
the set of π ′-classes of G/N , and it remains to show that this map is injective. We must show,
therefore, that if x and y are π ′-elements of G, and Nx and Ny are conjugate in G/N , then x
and y are conjugate in G.
We can replace y by a conjugate and assume that Nx = Ny. Then 〈x〉 and 〈y〉 are π -
complements in N〈x〉 = N〈y〉, and so by the conjugacy part of the Schur–Zassenhaus theorem,
〈y〉 = 〈x〉u for some element u ∈ N . Then xu ∈ 〈y〉, and also, xu ∈ Nxu = Nx = Ny. Thus
xuy−1 ∈ N ∩ 〈y〉 = 1, and we have xu = y, as wanted. 
We can now prove the promised π -version of Theorem A.
Theorem 2.4. Let N ⊆ P  G, where P is a Hall π -subgroup of G and N  G. Suppose that
θ ∈ Irr(N) is G-invariant. Then every θ -good class of G/N is a π -class if and only if θ is fully
ramified in P .
Proof. First, assume that θ is fully ramified in P , and let ψ be the unique member of Irr(P |θ).
By uniqueness, ψ is G-invariant, and so Irr(G|θ) = Irr(G|ψ) has cardinality equal to the number
of ψ -good classes of G/P . Thus the number of θ -good classes of G/N equals the number of
ψ -good classes of G/P , and this is at most the total number of classes of G/P . All classes of
G/P , however, are π ′-classes, and by Lemma 2.3 applied to the group G/N with respect to
the normal π -subgroup P/N , the number of these classes is equal to kπ ′(G/N). This shows
that the number of θ -good classes of G/N is at most kπ ′(G/N). The reverse inequality holds
by Lemma 2.1 since N is a π -group. It follows that the θ -good classes of G/N are exactly the
π ′-classes of G/N .
Conversely, assume that every θ -good class of G/N is a π ′-class. To show that θ is fully
ramified in P , it suffices to show that the trivial class is the only θ -good class of P/N . Consider,
therefore, an arbitrary element x ∈ P that is θ -good in P . Because |N | is coprime to |G : P |, it
follows by Lemma 2.2 that x is θ -good in G, and therefore, the class of G/N containing Nx is
a θ -good class of G/N . It is thus a π ′-class by hypothesis. But x is a π -element, and hence the
class of Nx in G/N is also a π -class. Then Nx is both a π -element and a π ′-element of G/N ,
and hence it is trivial. This completes the proof. 
3. Fully ramified point stabilizers
In order to prove Theorem B, we are led to the study of a special type of coprime action.
Recall that if a group P acts on a group V , we say that the action is Frobenius if CV (x) is trivial
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then either P is cyclic, or else p = 2 and P is generalized quaternion.
Theorem 3.1. Let Z  P , where P/Z is a p-group. Suppose that P acts on a vector space V in
characteristic q = p, and that the action of Z is trivial. Let λ ∈ Irr(Z) and assume that λ is fully
ramified in CP (v) for all nonzero vectors v ∈ V . If p = 2, assume in addition that q is neither
Fermat nor Mersenne. Then the action of P/CP (V ) on V is Frobenius.
We need an easy preliminary lemma.
Lemma 3.2. Let Z ⊆ K  L, where Z  L, and suppose that λ ∈ Irr(Z) is fully ramified in both
K and L. If K < L, then L/K is neither cyclic nor generalized quaternion.
Proof. Since λ is fully ramified in K , the set Irr(K|λ) has just one member μ. Also, since λ is
fully ramified in L, it is invariant in L, and therefore by uniqueness, μ is invariant in L. If L/K is
cyclic or generalized quaternion, then its Schur multiplier is trivial, and hence μ extends to L. But
then |Irr(L|λ)| |Irr(L|μ)| = |Irr(L/K)| > 1, where the equality follows by [3, Corollary 6.17]
and the strict inequality is a consequence of the assumption that K < L. In particular, λ is not
fully ramified in L, and we have a contradiction. 
The following is essentially included in [2, Theorem II], but since the proof is not very diffi-
cult, we present it here.
Lemma 3.3. Let P be a 2-group acting faithfully on a vector space V over a field of odd char-
acteristic q , and assume that |CP (v)| = 2 for all nonzero vectors v ∈ V . Then |V | = (m − 1)2,
where m is the number of noncentral involutions in P .
Proof. First, we observe that if x ∈ P is any involution, then V = CV (x) +˙ [V,x], and that
[V,x] is exactly the set of vectors negated by x. Also, the hypotheses of the lemma guarantee
that the subspaces CV (x) are proper and intersect trivially as x runs over the involutions of P ,
and that the union of these subspaces is all of V .
Now let x and y be distinct commuting involutions in P . Then y stabilizes CV (x), and y
has no nontrivial fixed points on this subspace. It follows that y acts to negate the elements
of CV (x), and thus CV (x) ⊆ [V,y]. In particular, if z is a central involution in P , then [V, z]
contains CV (x) for every involution x = z. Since V is the union of the centralizers of all of the
involutions of P , we have
V = CV (z) ∪
⋃
x =z
CV (x) ⊆ CV (z) ∪ [V, z].
As CV (z) < V , it follows that V = [V, z], and thus z acts to negate every vector in V , and in
particular, z is the unique central involution in P . Since CV (z) = 0, we see that V is the union
of the m proper subspaces CV (x) for involutions x = z. In particular, m 3.
Now write d = dimV , so that |V | = qd . If x ∈ P is a noncentral involution, then CV (zx) is
exactly the set of vectors carried to their negatives by x, and thus CV (zx) = [V,x] is comple-
mentary to CV (x). It follows that either dim CV (x) d/2 or dim CV (zx) d/2, and replacing
x by zx if necessary, we can assume that dim CV (x) d/2.
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reasoning as before, we can assume that dim CV (y)  d/2. But CV (x) and CV (y) intersect
trivially, and thus dim CV (x) = d/2. This shows that every one of the m noncentral involutions
in P centralizes exactly qd/2 − 1 nonzero vectors, and thus qd − 1 = |V | − 1 = m(qd/2 − 1). It
follows that m = qd/2 + 1, and so |V | = (m − 1)2, as wanted. 
Proof of Theorem 3.1. Write K = CP (V ) and work by induction on |V |. First, suppose that
V = U +˙ W , where each summand is nonzero and P -invariant, and let L = CP (U) and M =
CP (W). The actions of P on U and on W satisfy the hypotheses of the theorem, and so by the
inductive hypothesis, the actions of P/L and P/M on U and W , respectively, are Frobenius. In
particular, L is the stabilizer in P of every nonzero vector in U and similarly, M is the stabilizer
of every nonzero vector in W .
Now let u ∈ U and w ∈ W be nonzero, and observe that the stabilizer of u+w in P stabilizes
u and w, and so it is exactly L ∩ M = K . By hypothesis, therefore, λ is fully ramified in K
and also in L. But L/K is isomorphic to a subgroup of P/M , and so is cyclic or generalized
quaternion. By Lemma 3.2, therefore, we have L = K , and similarly, M = K , and we see that
the action of P/K on V is Frobenius, as required.
We can now assume that P acts irreducibly on V , and hence the action of Z(P/K) on V is
Frobenius. Suppose first that P/K has no normal elementary abelian subgroup of order p2. Then
either P/K is cyclic, or else p = 2 and P/K has a cyclic subgroup of index 2, and in the latter
case P/K is dihedral, semidihedral or generalized quaternion. If P/K is cyclic or generalized
quaternion, then its unique subgroup of order p lies in Z(P/K), and thus has no nontrivial fixed
points on V . It follows that the action of P/K is Frobenius in this case. We can thus assume
that p = 2 and that P/K is dihedral or semidihedral. In this case, the number m of noncentral
involutions in P/K is a power of 2. Also, the action of the cyclic subgroup of index 2 in P/K
is Frobenius, and thus |CP (v) : K| 2 for all nonzero v ∈ V , and we can assume that for some
vector v ∈ V , we have |CP (v) : K| = 2. Since λ is fully ramified in CP (v), we see by Lemma 3.2
that λ cannot also be fully ramified in K . It follows that |CP (v) : K| = 2 for every nonzero vector
v ∈ V .
Lemma 3.3 now applies, and we have |V | = (m − 1)2, and thus m − 1 is a power of q . As m
is a power of 2, it follows that m − 1 = q is a Mersenne prime, and we are done in this case.
We can now assume that P/K has a normal elementary abelian subgroup E/K of order p2.
It follows that V is not primitive as a P -module, and in fact, we can write V as the direct sum of
p subspaces Vi that are transitively permuted by P . Let N be the stabilizer in P of V1, and note
that |P : N | = p, and thus N  P and N is the stabilizer of each of the subspaces Vi . Also, of
course, K ⊆ N , and in fact, K =⋂Ki , where Ki = CN(Vi). Furthermore, the subgroups Ki ∩E
are distinct, and so in particular, the Ki are distinct.
If v ∈ V is a nonzero vector with zero component in at least one of the summands Vi , then
CP (v) ⊆ N , and thus N satisfies the hypotheses in its action on each of the subspaces Vi . By the
inductive hypothesis, the action of N/Ki on Vi is Frobenius.
Now let v ∈ V1 and w ∈ V2 be nonzero, and note that CP (v) = K1 and CP (w) = K2. Sup-
pose that CP (v + w) ⊆ N , and observe that this will necessarily be the case if p > 2. Then
CP (v + w) = CN(v + w) = K1 ∩ K2, and thus λ is fully ramified in K1 ∩ K2 and also in K1.
But K1 ∩ K2 < Ki and K1/(K1 ∩ K2) is isomorphic to a subgroup of the cyclic or generalized
quaternion group N/K2. This contradicts Lemma 3.2 and completes the proof in this case.
We may suppose now that for every choice of nonzero vectors v ∈ V1 and w ∈ V2, we have
CP (v+w) ⊆ N , and in particular, p = 2. Given v and w, choose x ∈ P −N such that x stabilizes
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P -orbit containing w contains every nonzero vector v ∈ V . It follows that N acts transitively on
the nonzero vectors of V1, and in particular |V1| − 1 is a power of 2. Since |V1| is a power of q ,
we see that it is either 9 or a Fermat prime, and hence in any case, q is a Fermat, contrary to
hypothesis. 
Corollary 3.4. Let Z P , where P/Z is a p-group. Suppose that P acts on a vector space V in
characteristic q = p, and that the action of Z is trivial. Let λ ∈ Irr(Z) and assume that λ is fully
ramified in CP (v) for all vectors v ∈ V (including v = 0). If p = 2, assume in addition that q is
neither Fermat nor Mersenne. Then the action of P on V is trivial.
Proof. By Theorem 3.1, the action of P/CP (V ) is Frobenius, and thus CP (V ) = CP (v) for
nonzero v ∈ V . Also P = CP (0), and so λ is fully ramified in both CP (V ) and in P . But
P/CP (V ) is cyclic or generalized quaternion, so it follows by Lemma 3.2 that P = CP (V ). 
We need the following related result for our proof of Theorem B.
Theorem 3.5. Let Z  P , where P/Z is a p-group, and assume that P acts on a p′-group G,
and that the action of Z is trivial. If p = 2, assume also that no Fermat or Mersenne prime
divides |G|. Let λ ∈ Irr(Z) and assume that λ is fully ramified in the stabilizer in P of every
character β ∈ Irr(G). Then P acts trivially on G.
Unfortunately, to prove this, an appeal to the classification of simple groups appears to be
necessary. Specifically, we need the following two lemmas.
Lemma 3.6. Each nonabelian simple group has a nonprincipal irreducible character that is
unique of its degree.
Proof. For simple groups of Lie type, the Steinberg character is unique of its degree and for the
alternating group An with n 5, there is a unique irreducible character of degree n − 1 except
when n = 6. In that case, there is a unique irreducible character of degree 10. One need only to
check the Atlas to establish the result for the 26 sporadic simple groups. 
Lemma 3.7. Let P be a p-group that acts nontrivially on a nonabelian simple group G of order
not divisible by p. Then there exists a subgroup Q ⊆ P of index p such that CG(Q) > CG(P ).
In the following argument, we will use the notation X(q) to represent a simple group of
(unspecified) Lie type over a field of order q .
Proof. We can assume that P acts faithfully on G. Since G has nontrivial automorphisms of
order p, and p does not divide |G|, it is a well known consequence of the simple group classifi-
cation that G is of Lie type, and P acts via field automorphisms. We can thus write G = X(q |P |),
where q is a prime power. Also, P is cyclic and its unique subgroup Q of index p centralizes the
subgroup X(qp). This subgroup is not centralized by P . 
The following result is essentially just a combination of the previous two lemmas.
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irreducible character β of G is in a P -orbit of size p.
Proof. If G has a nonidentity proper P -invariant normal subgroup N , we can replace G by G/N ,
and hence we can assume that no such subgroup N exists. We can then write G = S1 × · · · × Sn,
where the Si are isomorphic nonabelian simple groups that are transitively permuted by P . Also,
by Lemma 3.6, there exists an integer f > 1 such that Irr(Si) contains a unique character of
degree f .
Suppose first that G is not simple, so n > 1 and NP (S1) < P . Choose a subgroup Q containing
NP (S1) and having index p in P , and by renumbering if necessary, assume that the Q-orbit
containing S1 is {Si | 1  i  m}, where m < n. Now choose αi ∈ Irr(Si) as follows. For 1 
i m, let αi be the unique member of Irr(Si) having degree f , and for m < i  n, let αi be the
principal character of Si . It is then clear that the character β = α1 × · · · × αn is Q-invariant but
not P -invariant, and hence it lies in a P -orbit of size p, as required.
We can now assume that G is simple. By Lemma 3.7, there is a subgroup Q of index p in
P such that CG(Q) > CG(P ). Observe that P acts on CG(Q) since Q  P , and this action is
nontrivial. As is well known, it follows from the fact that P acts nontrivially and coprimely on
CG(Q) that there exists an irreducible character α of CG(Q) that is not P -invariant. Now let
β ∈ Irr(G) be Q-invariant and correspond to α via the Glauberman correspondence with respect
to the action of Q on G. (See [3, Theorem 13.1].) Then β uniquely determines α, and since
α is not P -invariant, we see that also β is not P -invariant, and thus the P -orbit of β has size
|P : Q| = p. 
Proof of Theorem 3.5. We proceed by induction on |G|. We can, of course, assume that G is
nontrivial, and we let N be maximal among proper P -invariant normal subgroups of G. Then
the action of P on G/N satisfies the hypotheses of the theorem, and so if N > 1, the inductive
hypothesis guarantees that P acts trivially on G/N . We claim that in this situation, the action of
P on N satisfies the hypotheses of the theorem. To see this, it suffices to show that the stabilizer
Pθ of a character θ ∈ Irr(N) is the stabilizer of some character χ ∈ Irr(G).
By [3, Theorem 13.31], there is some irreducible constituent χ of θG such that χ is Pθ -
invariant, and we have Pθ ⊆ Pχ . By [3, Theorem 13.27], there exists some irreducible constituent
ϕ of χN that is Pχ -invariant. We can write θ = ϕg for some element g ∈ G, and we observe that
since Pχ centralizes g modulo N , we can conclude that Pχ stabilizes θ . Thus Pχ = Pθ , and as
claimed, the hypotheses are satisfied for the action of P on N . By the inductive hypothesis, P
acts trivially on N , and thus [G,P,P ] = 1. Since it is really P/Z that is acting, and |P/Z| is
coprime to |G|, it follows that P acts trivially, as desired.
We can now assume that G has no proper nontrivial P -invariant normal subgroup, and thus
either G′ = G or G′ = 1. In the first case, Theorem 3.8 guarantees the existence of β ∈ Irr(G)
such that Pβ has index p in P . But λ is fully ramified in Pβ and also in P , which is the stabilizer
of the principal character of G. Since P/Pβ is cyclic of order p, this contradicts Lemma 3.2.
In the remaining case, G is abelian, and thus it is an elementary abelian q-group for some
prime q . Then Irr(G) can be viewed as a vector space in characteristic q , and by Corollary 3.4,
the action of P on this space is trivial. It follows that P acts trivially on G. 
4. Proof of Theorem B
We need a purely group-theoretic result.
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T ⊆ G and that T has a normal π -complement. If T controls G-fusion in H , then G has a
normal π -complement.
This statement of this result suggests that transfer theory might be relevant. Indeed, if the Hall
π -subgroup H is nilpotent, the conclusion follows using transfer and an inductive argument, and
it does not require an appeal to the hypothesis that G is π -separable. But in general, a transfer
argument will not work. if H is perfect, for example, the transfer map from G to H is trivial,
and one cannot even get started using this approach. In this situation, the hypothesis that H is
π -separable is essential. Consider, for example, G = PSL(2,11) and π = {2,3,5}. We can take
H = T to be a copy of A5 in G, and we see that T controls fusion in H . In this case, T has a
normal π -complement, but G does not.
Proof of Theorem 4.1. First, we argue that if M  G and we write G = G/M , then the hy-
potheses of the theorem hold in G with respect to the subgroups H and T . Certainly, G is
π -separable, H is a Hall π -subgroup of G and T has a normal π -complement. To verify the
fusion hypothesis, let x, y ∈ H be conjugate in G. Then y = xg for some element g ∈ G, and
thus Mxg = My ∈ MH . But xg is π -element in MH , and since MH is π -separable and H is a
Hall π -subgroup, we have xgm ∈ H for some element m ∈ M . Then by hypothesis, xgm = xt for
some element t ∈ T , and thus
y = xg = xgm = xt ,
and so y and x are conjugate in T , as wanted.
We can assume that G > 1, and working by induction on |G|, we can assume that every proper
factor group of G has a normal π -complement. We are done, therefore, if Oπ ′(G) > 1, and so
we assume that Oπ ′(G) = 1, and we let L = Oπ (G) > 1. Note that L ⊆ H ⊆ T and thus the
normal π -complement of T centralizes L. It follows that the orbits of the action of T on the set
of conjugacy classes of L all have sizes that are π -numbers. If X is a class of L and g ∈ G, then,
of course, Xg is a class of L. If x ∈ X, then xg ∈ L, and hence x and xg both lie in H . Then
xg = xt for some element t ∈ T , and it follows that Xg = Xt . In other words, the orbits of the
action of G on the set of classes of L are exactly the T -orbits, and hence the sizes of these orbits
are π -numbers.
As L > 1, we know that G/L has a normal π -complement U/L. Since U  G, each G-orbit
on the set of classes of L decomposes into U -orbits of equal size, and since this common size
divides |U/L|, it must be a π ′-number. Since the size of the original G-orbit is a π -number, it
follows that all of the U -orbits on the set of classes of L have size 1.
Let P ⊆ U be a Hall π ′-subgroup, and note that P is a Hall π ′-subgroup of G too. Now P
acts coprimely on L and fixes all conjugacy classes, and as is well known, it follows that P acts
trivially on L. Thus P PL = U , and so P is characteristic in U and normal in G, and the proof
is complete. 
Our inductive argument for Theorem B requires that we replace the hypothesis that N is a
p-group with the weaker condition that o(θ)θ(1) is a power of p. We know by Lemma 2.1 that
this change does not alter the fact that all p′-classes of G/N are θ -good.
Our reformulated result is the following.
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that |G| is not divisible by any Fermat or Mersenne prime. Let N G and suppose that θ ∈ Irr(N)
is G-invariant, and that o(θ)θ(1) is a power of p. Assume that every θ -good class of G/N is a
p′-class. Then G/N has a normal Sylow p-subgroup.
We need two more preliminary results, which we combine, as follows.
Lemma 4.3. Let N M and suppose that θ ∈ Irr(N) is M-invariant and that o(θ)θ(1) is a power
of p.
(a) If M/N is a p-group and ϕ ∈ Irr(M|θ), then o(ϕ)ϕ(1) is a power of p.
(b) If M/N is a p′-group, then θ has a unique extension ϕ ∈ Irr(M|θ) such that o(ϕ)ϕ(1) is a
power of p.
Proof. For (a), note that ϕ(1)/θ(1) divides |M : N |, and so ϕ(1) is a power of p. Now let
λ = det(ϕ), and observe that since ϕN is a multiple of θ , we can conclude that λN is a power of
det(θ), and so λN has p-power order, say m. Then N ⊆ ker(λm), and so λm can be viewed as a
character of M/N . It follows that λm|M:N | is the trivial character, and hence o(ϕ) = o(λ) divides
m|M : N |, which is a power of p. This proves (a).
For (b), observe that θ extends to M by [3, Corollary 6.28], and there is a unique extension
with determinantal order a power of p. 
Proof of Theorem 4.2. We proceed by induction on |G/N |. By Lemma 2.1 and the hypotheses
of the theorem, we know that the θ -good classes of G/N are exactly the conjugacy classes of p′-
elements of G/N . Thus G/N has exactly kp′(G/N) classes that are θ -good, where we are using
the notation kp′(X) to denote the number of p′-classes of a group X. By Gallagher’s theorem,
which is the main result of [1], we therefore have |Irr(G|θ)| = kp′(G/N).
Let M/N be a minimal normal subgroup of G/N . Suppose first that M/N is a p-group, and
let H/M be a Hall p′-subgroup of G/M . By [3, Theorem 13.31], there exists an H -invariant
character ϕ ∈ Irr(M|θ), and we write T = Gϕ , the stabilizer of ϕ in G, so that H ⊆ T . Also,
o(ϕ)ϕ(1) is a power of p by Lemma 4.3(a), and thus all p′-classes of T/M are ϕ-good by
Lemma 2.1.
We have
kp′(T /M)
∣∣Irr(T |ϕ)∣∣= ∣∣Irr(G|ϕ)∣∣ ∣∣Irr(G|θ)∣∣= kp′(G/N) = kp′(G/M) kp′(T /M),
where the first inequality holds by Gallagher’s theorem, since the number of ϕ-good classes of
T/M is at least kp′(T /M). The last equality holds by Lemma 2.3, and the final inequality holds
because T/M contains the full Hall p′-subgroup H/M of G/M , and so every p′-element of
G/M is conjugate to an element of T/M . We conclude that equality holds throughout, and in
particular, since kp′(T /M) = |Irr(T |ϕ)|, we see that the p′-classes of T/M are all of the ϕ-good
classes of T/M . Since |G/M| < |G/N |, the inductive hypothesis applies, and we conclude that
T/M has a normal Sylow p-subgroup.
Also, since kp′(T /M) = kp′(G/M), it follows that T/M controls G/M-fusion in the Hall
p′-subgroup H/M . We can now apply Theorem 4.1 with π = p′ in the group G/M , and we
conclude that G/M has a normal π -complement. Thus G/M , and hence also G/N , has a normal
Sylow p-subgroup, as wanted.
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such that ϕ has p-power determinantal order. By uniqueness, ϕ is G-invariant.
We argue next that all ϕ-good classes of G/M are p′-classes. Suppose that Mx ∈ G/M is
ϕ-good and let y ∈ G with [x, y] ∈ N . Then [x, y] ∈ M , and so ϕ extends to M〈x, y〉. Since ϕ is
an extension of θ , it follows that θ extends to N〈x, y〉, and this shows that Nx is θ -good in G/N .
By hypothesis, therefore, Nx is a p′-element of G/N , and it follows that Mx is a p′-element of
G/M , as wanted.
By the inductive hypothesis applied to M and ϕ in place of N and θ , we conclude that G/M
has a normal Sylow p-subgroup L/M .
By Lemma 2.2, every element of L/N that is θ -good in L/N is θ -good in G/N , and so it is
a p′-element. If L < G, therefore, the inductive hypothesis guarantees that L/N has a normal
Sylow p-subgroup, and this is also a normal Sylow p-subgroup for G/N , as wanted. We can
thus assume that L = G, so that G/M is a p-group.
The map β → ϕβ is a bijection from Irr(M/N) onto Irr(M|θ) by [3, Corollary 6.17], and we
observe that this map is a permutation isomorphism for the actions of G on these sets. Now let B
be a set of representatives for the G-orbits on Irr(M/N), and observe that |B| equals the number
of G-orbits on the classes of M/N . (See [3, Corollary 6.23].) Thus |B| = kp′(G/N) = |Irr(G|θ)|.
Also, {βϕ | β ∈ B} is a set of representatives for the G-orbits on Irr(M|θ), and each character in
Irr(G|θ) lies over exactly one such orbit.
We now have
∣∣Irr(G|θ)∣∣=
∑
β∈B
∣∣Irr(G|βϕ)∣∣ |B| = ∣∣Irr(G|θ)∣∣,
and we conclude for all β ∈ B that
1 = ∣∣Irr(G|βϕ)∣∣= ∣∣Irr(Gβ |βϕ)
∣∣,
where the last equality holds by the Clifford correspondence, since Gβ = Gβϕ .
Since M/N is a p′-group and Gβ/M is a p-group, it follows that β has an extension βˆ to Gβ ,
and thus by [3, Theorem 6.16], the map η → βˆη is a bijection from Irr(Gβ |ϕ) onto Irr(Gβ |βϕ).
Since the latter set has just one member, it follows that |Irr(Gβ |ϕ)| = 1 for each character β ∈ B .
Now let P/N ∈ Sylp(G/N), and note that MP = G and M ∩ P = N , and thus MPβ = Gβ
and M ∩ Pβ = N . Since ϕ is invariant under Gβ and ϕN = θ , it follows that restriction defines
a bijection from Irr(Gβ |ϕ) onto Irr(Pβ |θ) [4, Corollary 4.2]. We conclude that |Irr(Pβ |θ)| = 1,
and so θ is fully ramified in Pβ for all β ∈ B , and hence also for all β ∈ Irr(M/N).
We can now apply Theorem 3.5 to the action of P on M/N , with N and θ in the roles of
Z and λ, and we deduce that P centralizes M/N . Thus P/N is a normal Sylow p-subgroup of
G/N , and the proof is complete. 
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